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An equat ion is obtained for  the breakup  rad ius  with cons idera t ion  of t ipping moment s  and Lapla-  
clan p r e s s u r e  fo rces  act ing on the liquid r idge at the c r i t i ca l  point. 

As is well  known, in cent r i fugal  a t o m i z e r s  b reakup  of the liquid f i lm and drople t  fo rmat ion  may occur  be-  
yond the edges  of the cup, a t  i ts  boundary,  or  on i ts  su r face .  E x p e r i m e n t s  have shown that  in the las t  case  the 
drop le t  d i spe r s ion  b e c o m e s  m o r e  homogeneous .  Study of liquid f i lm breakup  is a l so  n e c e s s a r y  to de te rmine  
the min imum liquid flow densi ty  in f i lm- type  cent r i fugal  devices  [1]. 

The goal of the p re sen t  study is to de t e rmine  the c r i t i ca l  b reakup  p a r a m e t e r s  (liquid f i lm radius  of 
depth) as  functions of the technological  p a r a m e t e r s .  

We will cons ider  the b reakup  of a l amina r  i s o t h e r m a l  f i lm of an anomolous ly  v iscous  liquid which obeys 
a power - type  law on the su r face  of a cu rv i l inea r  cup. E x p e r i m e n t s  have shown that  a liquid r idge is fo rmed  at  
the boundary  between the d ry  and wetted su r face  a r e a s .  We will de sc r ibe  the fo rces  act ing on the liquid r idge 
at  the c r i t i ca l  point G using the notation of [2] (Fig. 1). We a s s u m e  that  the r idge has a cyl indr ica l  su r face  with 
constant  radius  of c u r v a t u r e  R r .  

Cons ider ing  the phenomenon of wett ing angle h y s t e r e s i s  (i.e., the poss ib i l i ty  of s h o r t - t e r m  rota t ion  of the 
liquid f i lm su r f ace  about the c r i t i ca l  point G), we wri te  the equation for the equi l ib r ium state  of the r idge 

where  

M .  + M. + M~ = o, (i) 

M~ = aSc; 
~C 

Mu = - -  .f PV22 8d8; 

0 

ho 

M~ = - -  ,[ paoZr sin a hdh. 
0 

Assuming  that  the ve loc i ty  profi le  is defined [3, 4] as  

we in tegra te  Eq. (3), obtaining 

where  

n+l 

\ n + l ] [ 1 - -  - -  " , 

(2) 

(3) 

(4) 

(5) 

(6) 
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Fig.  1. Liquid f i lm b reakup  on s u r f a c e  of a ro t a t i ng  cup.  

Tl = (21n3 + 16n2 -[- 5n -+- 2) (2n 3- 1) 
4 (3n 4- 1)(3n -}- 2) (n -k 1) 2 

C o n s i d e r i n g  the g e o m e t r y  of the r idge ,  we have:  

ho = Rr ( 1 - -  cOS 0o); h = h  0 - R  r ( 1 - c o s 0 ) ;  

a = 2 R r s i n 0 ;  dh  = - -  Rr s inOdO.  

Since at  h = h 0 0 = 0 and at  h=  0 0 = 00, by us ing  Eq.  (7) we obtain f r o m  Eq. (4) 

M ~  = - -  .T2R~p~-r sin a, 

whe re  

T " = ( s i n 0 ~ 1 7 6 1 7 6 1 7 6  1 sin30~ " "  3 

To d e t e r m i n e  R r we use  the Lap lace  equat ion  [5], a c c o r d i n g  to which the r e l a t i onsh ip  between e x c e s s  
p r e s s u r e  benea th  the r idge  and r idge  c u r v a t u r e  may  be r e p r e s e n t e d  in the f o r m  

Pr = O/Rr .  

The e x c e s s  p r e s s u r e  beneath  the r idge  m a y  be wr i t t en  as  

whe re  

Pr = Po,m-[- P~m + Pv,m, 

6 C 

0 

(7) 

(s) 

(9) 

(10) 

(11) 

h o a 

P~m . . . . .  pam2r sin ~ dadh; 
a 

o o 

hopo)2r (13) 
P p 123 COS ~r 

2 

Equa t ion  (13) is de r ived  f r o m  the e x p r e s s i o n  for  p r e s s u r e  obtained in [4] by r ep lac ing  6 0 by h 0 with the 
c o n s i d e r a t i o n  tha t /3  = 0, ~ = 0 in the s tagnant  zone within the r idge .  In t eg ra t ion  of Eqs .  (11), (12) with use of Eqs .  
(5), (7) g ives :  

2,,+1 ( '1 
Pore = ~ 3n +-----~ ~ - - ~ /  V; (14) 

Oo - -  sin Oo cos Oo 
P,om = 2 (1 - -  cos 0o) pr sin ~ Rr. (15) 
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Fig.  2. D i m e n s i o n l e s s  c r i t i c a l  r ad iu s  v e r s u s  d i m e n s i o n l e s s  c o m p l e x  pcoq/ 
cr a t  n =  1, K = 1 .8 .10  -1 N "sec /m2;  p =1.23 "103 kg /m3;  R = 12 .5 .10  -2 m;  ~-- 
48 .7 .10  -3 N / m ;  00 = 1.223 r ad ;  a =  ~r/2 rad ,  q = (0.55-1.7) .10 -6 m 3 / s e c ;  02= 
30-120 r a d / s e c .  

Fig.  3. D i m e n s i o n l e s s  c r i t i c a l  r a d i u s  v e r s u s  flow r a t e  and angu la r  ve loc -  
i ty a t n = 0 . 7 7 ,  K = l . 5 7 - 1 0  - 1 N ' s e c n / m 2 ;  p = 1 . 0 1 7 " 1 0 3 k g / m 3 ;  R = 1 2 . 5 -  
10 - 2 m ,  00 =1 .0248  r a d ;  a = 5 3 . 3 - 1 0  -3 N / m ;  ~ =  v / 2 r a d ;  1) r-c =f(r176 for  
1 "10 -6 m3/sec ;  2) r c  = f(q) fo r  w= 60 r a d / s e c .  

Subs t i tu t ing  Eqs .  (10), (13)-(14) in Eq.  (9), we obtain the Lap lace  equat ion  in the f o r m  

Pma + ~Rr + ~lRr = r (16) 
Rr 

w h e r e  ~ = Po~m/Rr;  ~/= P p m / R r .  I t  fol lows f r o m  Eq.  (16) tha t  

R;4-Rr ( Pum I c; O. \ ~--(~-~l / (~ + 'D (17) 

C o n s i d e r i n g  tha t  in the p a r t i c u l a r  p r o b l e m  c o n s i d e r e d  the r ange  of  va r i a t ion  of the t echno log ica l  p a r a m -  
e t e r s  1RrPv/~ ~ qpv/aH((  1, in Eq.  (17) we m a y  neg lec t  the second  t e r m  in c o m p a r i s o n  to the th i rd  as  being of  
second  o r d e r  s m a l l n e s s .  Then  

w h e r e  

T 3=  [" 

~ / /  ' o ")o,5 (18) 
" Oo) Rr = ~+~1 ', ' 

2 (1 - -  cos 00) ]1/2 

sin a (0o - -  sin 0 o cos 0o) + ( 1 - -  cos 00) 2 cos cz J 
Subst i tu t ing Eqs .  (2), (6), (8), and (18) in Eq.  (1), we obtain the m o m e n t  equat ion in the f o r m  

2 {~3 ~0,5 
: o ,  ~6c--  TiP6c ~ 4 ,! (19) 

where  

T4 = T2T] sin a .  

Since the second  and th i rd  t e r m s  of  Eq.  (19) a r e  in the r a t i o  j2/We~ 1, the second  t e r m  may  be ne -  
g lec ted .  Fo r  the p r o b l e m  under  c o n s i d e r a t i o n  j2 ~ 1 and We ~ ~ 102. H e r e  J = pozq/cr, while We =pw2R3/a is the 
W e b e r  c r i t e r i o n .  Then  f r o m  Eq.  (19) 

6c = Ta (~/po)2r)0, ~ . (20) 

I f  we n e g l e c t  the t angent ia l  ve loc i t y  of  the liquid (~ = 0), then to an a c c u r a c y  of 3%, fol lowing [3], the f i lm 
th i ckness  wil l  be given by  
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Simultaneous solution of Eqs.  (20) and (21) makes it possible to determine the breakup radius of the liq- 
uid film 

rE Lr(O0, ,--g-- ~ ' (22) 

where 

T(Oo, a, n)::: ( 2n-b l )" since 
,. 2an T] n-t-I 

If neces sa ry ,  the problem may also be solved without using the above simplifications,  by numerica l  meth- 
ods. Equation (22) can then serve  as a f i rs t  approximation.  

To verify the theoret ical ly  obtained functions, exper iments  were per formed on a plane disk with a 90% 
aqueous solution of glycerine (Fig. 2) (Newtonian liquid) and for a 2.5% aqueous solution of KMTs-600 (power- 
like non-Newtonian liquid, Fig. 3). 

The pa rame te r s  K and n were determined by the two-capi l la ry  method in a constant p re s su re  v i scos ime-  
te r ;  p, by a dens imeter ;  or, by the ring breakoff  method; and 00, by the liquid ascent  level when wetting the 
specimen of [6]. 

Since there were significant deviations in breakup radius in each experiment  (A = 15-20%) mean ar i th-  
metic values were taken. 

As is evident f rom the curves ,  the experimental  values deviate f rom the theoret ical  ones by not more  than 
25-30%. It is evident f rom Fig. 3 that the divergence between experiment  and theory for small  r c reaches  100%. 
This is apparent ly the resul t  of  the simplifications and assumptions used, both those as to flow hydrodynamics 
and those on liquid film breakup. At smal l  radii  these have a g rea t e r  effect. 

To es t imate  the deviation of the breakup radius f rom the calculated value, we write the solution of Eqs.  
(20), (21) in the following form: 

1 

6o _ r e  = O, 5---9-e6o - -  1 = O. 

We then assume that random factors  not considered by the theory  lead to some oscillation of the ratio 6c/60 by 
by an amount +t. This then cor responds  to variat ions Tmax and ~min (Fig. 4). If we denote the deyiat ionrange 
by 

and consider  that for the slope of the tangent at the c r i t ica l  point we have 

l t 

tgac-- 2(2n-~ 1) i c r c,A ' 

we then obtain 
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h = •  (2n-k 1). (24) 

I t  follows f r o m  Eq. (24) that  i f  n = i and t = • then A = "0.18.  Thus,  smal l  osci l la t ions  of the ra t io  6c/60(3%) 
can lead to s ignif icant  deviat ions  of the breakup  rad ius  (:~ 18%), which c o r r e s p o n d s  to the phenomenon observed .  

NOTATION 

K, n, rhenologica l  cons tan ts ;  p, densi ty;  ~, su r face  tension;  r ,  c u r r e n t  cup rad ius ;  R, m a x i m u m  cup 
rad ius  ; r c ,  c r i t i ca l  rad ius  for  f i lm breakup;  r = r = r / R ,  d imens ion les s  cu r ren t  radius ;  ~c = r c / R ,  d imens ion less  c r i t i -  
cal  rad ius ;  50, 5 c, ac tual  and c r i t i ca l  f i lm th icknesses ;  5, c u r r e n t  th ickness ;  R r ,  r idge rad ius ;  h0, r idge 
height;  h, c u r r e n t  r idge height;  ~0, l imi t ing wett ing angle;  0, cu r r en t  angle of tangent to r idge su r face ;  ~,  
angle between axis  of ro ta t ion  and tangent  to cup su r f ace ;  w,  angula r  veloci ty  of rota t ion;  q, volume liquid flow 
r a t e ;  v 1 and vg0, mer id iona l  and tangential  ve loc i t i es ;  fi = 4Vlm/Wr, ~ = 4V~m/wr, d imens ion less  ve loc i t ies ;  Ma 
M w, momen t s  of su r f ace  and cent r i fugal  fo rces ;  Mv, momen t  f r o m  veloci ty  head; Pr, p r e s s u r e  within r idge;  
Pvm, p r e s s u r e  f r o m  veloc i ty  head;  PWm, Ppm, p r e s s u r e s  f r o m  cent r i fugal  force  components  tangent and nor -  
mal  to cup su r face ;  A, deviat ion range  of b reakup  radius  f rom ca lcu la ted  value;  r m a  x, r m i  n, l imit ing devia-  
t ions of b reakup  rad ius ;  ~c ,  angle of tangent  to curve  5c/50 = f(r) at c r i t i ca l  point; t, r andom osci l la t ion of ra t io  

5c/50. 
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L A M I N A R  F L O W  O F  A V I S C O U S  I N C O M P R E S S I B L E  L I Q U I D  

O V E R  T H E  S U R F A C E  O F  S O L I D S  O F  R E V O L U T I O N  

A .  D .  G l i n k i n  a n d  V.  A .  R u k a v i s h n i k o v  UDC 532.517.2:532.62 

The  l a m i n a r  flow of  a viscous  i ncompres s ib l e  liquid o v e r  the su r face  of s t a t ionary  solids of 
revolut ion is examined  for  the case  of c i r c u l a r  inflow of the s t r e a m .  

Dispe r s ing  agents  a r e  p re sen t ly  used in indust ry  [1-6] whereby a s t r e a m  (jet) of v iscous  liquid sp reads  
in an a x i s y m m e t r i c  thin layer  ove r  the su r face  of s t a t iona ry  solids of revolut ion of var ious  shapes .  Severa l  
works  [7-13] have been devoted to the study of such l amina r  flows. However ,  the r e su l t s  here  were  obtained 
without r e g a r d  for the p a r a m e t e r s  of the inflowing s t r e a m ,  which leads to the appea rance  of quanti t ies  in the 
theore t i ca l  data whose values  can be found only by e x p e r i m e n t - a  se r ious  def ic iency of these  r e s e a r c h e s .  

The re  a r e  s tudies  [14-16] which have ove rcome  this p rob lem.  

This  a r t i c l e  examines  the a x i s y m m e t r i c ,  s table  t h in - l aye r  flow of a v iscous ,  i ncompres s ib l e ,  un i form 
liquid over  the cu rv i l i nea r  su r face  of sol ids of revolut ion in the l amina r  mode as  a r e su l t  of the inflow of an in -  
finite c i r c u l a r  s t r e a m ,  with al lowance for  the working p a r a m e t e r s  of the la t ter .  

We will examine  flow of the liquid in the spec ia l  s y s t e m  of coordina tes  l ,  7, and O. The given coordinate  
s y s t e m  is or thogonal  (Fig. 1). 
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